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Abstract 

In some previous papers, a Legendre duality between Lagrangian and Hamilto- 
nian Mechanics has been developed. The (p, 77)-tangent application of the Legendre 
bundle morphism associated to a Lagrangian L or Hamiltonian H is presented. 
Using that, a Legendre description of Lagrangian Mechanics and Hamiltonian Me- 
chanics is developed. Duality between Lie algebroids structure, adapted (p, ?7)-basis, 
distinguished linear (p, ?7)-connections and mechanical (p, ?7)-systems is the scope of 
this paper. In the particular case of Lie algebroids, new results are presented. In 
the particular case of the usual Lie algebroid tangent bundle, the classical results 
are obtained. 

2000 Mathematics Subject Classification: 00A69, 58A15, 53B05, 53B40, 
58B34, 71B01, 53C05, 53C15, 53C60, 58E15, 70G45, 70H20, 70S05. 

Keywords: fiber bundle, vector bundle, (generalized) Lie algebroid, (linear) con- 
nection, curve, lift, natural base, adapted base, projector, almost product structure, 
almost tangent structure, complex structure, spray, semispray, mechanical system, 
Lagrangian formalism, Hamiltonian formalism. 



Contents 



1 


Introduction 




2 


Preliminaries 


a 


3 


Legendre transformation 


s 


4 


Duality between Lie algebroids structures 


i 


5 


Duality between adapted (p, r/)-basis 


13 


6 


Duality between distinguished linear (p, r/)-connections 


18 


7 


Duality between mechanical (p, 7y)-systems 


22 


8 


Duality between Lagrange and Hamilton mechanical (p, ?7)-systems 


23 


References 


26 



1 



1 Introduction 



The notion of Lagrange space was introduced and studied by J. Kern [14] and R. Miron 
[20] . In the Classical Mechanics we obtain a Lagrangian formalism if we use TTM as 
space for developing the theory, (sec [6, 7, 21, 22, 26, 27, 28, 34] ) 

In [18], P. Liberman showed that such a Lagrangian formalism is not possible if the 
tangent bundle of a Lie algebroid is considered as space for developing the theory. In 
his paper [39] A. Weinstein developed a generalized theory of Lagrangian Mechanics on 
Lie algebroids and obtained the equations of motion, using the linear Poisson structure 
on the dual of the Lie algebroid and the Legendre transformation associated with the 
regular Lagrangian L. In that paper, he asks the question of whether it is possible 
to develop a formalism on Lie algebroids similar to Klein's formalism [16] in ordinary 
Lagrangian Mechanics. This task was finally done by E. Martinez in [19] (see also 
[9,18]). 

The geometry of algebroids was extensively studied by many authors. (see[3, 29, 30, ] , 
[35,36,37, 38]) 

Using the generalized Lie algebroids, (see [1,2]) a new point of view over the La- 
grangian Mechanics is presented in the paper [4]. The canonical (p, ?7)-(semi)spray 
associated to mechanical (p, 77)-system {{E,Tr,M) ,Fe, {p,r])r) and from locally invert- 
ible B"^-morphism (g, h) have been presented. Lagrange mechanical (/?, 77)-systems, the 
spaces necessary to solve the Weinstein's problem, were introduced. There have been 
presented the (p, 77)-semispray associated to a regular Lagrangian L and external force 
Fg which are applied on the total space of a generalized Lie algebroid and the equations 
of Euler-Lagrange type. 

The geometry of T*M is from one point of view different from that of TM, because 
it does not exist a natural tangent structure and a semispray can not be introduced in 
the case of the tangent bundle. Two geometrical ingredients are of great importance 
to T*M: the canonical 1-form pidx^ and its exterior derivative dpi A dx' (the canonical 
symplcctic structure of T*M). They are systematically used to define new useful tools 
in the classical theory. 

The concept of Hamilton space, introduced in [25] and intensively studied in [10, 11, ] 
[12, 13, 21, 22] has been succesful, as a geometric theory of the Hamiltonian function. 
The modern formulation of the geometry of Cartan spaces was given by R. Miron [23, 24] 
although some results were obtained by E. Cartan [8] and A. Kawaguchi [15] . 

A Hamiltonian description of Mechanics on duals of Lie algebroids was presented in 
[17] . (see also [32, 33, 35, 36, 37, 38) The role of cotangent bundle of the configuration 
manifold is played by the prolongation E of E along the projection E* M. 
The Lie algebroid version of the classical results concerning the universality of the 
standard Liouville 1-form on cotangent bundles is presented. Given a Hamiltonian 
function E* — > R and the symplectic form CIe on E*, the dynamics are obtained 
solving the equation 

with the usual notations. The solutions of (curves in E*) are the ones of the Hamilton 
equations for H. (see [17]) 

A Hamiltonian description of Mechanics on duals of generalized Lie algebroids with- 
out the symplectic form is presented in the paper [5] . The canonical (p, r7)-semispray 

associated to the dual mechanical (p, r7)-system ( ( E,w,m \ ,Fe,{p,ri)T \ and from lo- 
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cally invertible B"^-morphism {g, h) . Also, the canonical (p, ?7)-spray associated to me- 
chanical system ^^E', tt, ,Fe-,{p-,r])T^ and from locally invertible B"^-morphism 

{g, h) have been presented. 

The Hamilton mechanical (p, ?7)-systems arc the spaces necessary to obtain a Hamil- 
tonian formalism in the general framewrok of generalized Lie algebroids. The (p, r])- 

semispray associated to a regular Hamiltonian H and external force Fg which are ap- 
plied on the dual of the total space of a generalized Lie algebroid and the equations of 
Hamilton- Jacobi type have been presented. 

Using the classical Lcgendre transformation different geometrical objects on TM 
are naturally related to similar ones on T*M. The geometry of Hamilton space can be 
obtained from that of a certain Lagrange space and vice versa. As a particular case, we 
can associate its dual to a given Finsler which is a Cartan space. In addition, in some 
conditions the L-dual of Kropina space is the Randers space and the L-dual of Randers 
space is the Kropina space. These spaces are used in several applications in Physics, 
(see [13]) 

The Legendre transformation E -^^^ E* associated with a Lagrangian L in- 

duces a Lie algebroid morphism jC^E > E, which permits in the regular 

case to connect Lagrangian and Hamiltonian formalisms as in Classical Mechanics, (see 
[17]) 

In this paper we extend our study in the general framework of generalized Lie alge- 
broids. Using the (p, 77)-tangent application of the Legendre bundle morphism associated 
to a Lagrangian L or Hamiltonian H we obtain a lot of new results. 

The Lagrangian Mechanics presented in the paper [4] is dual to the Hamiltonian 
Mechanics presented in the paper [5] and vice versa. In paricular, a new point of view 
over the Legendre duality between Lagrangian Mechanics and Hamiltonian Mechanics 
in the framework of Lie algebroids is presented in this paper. 



2 Preliminaries 

Let Vect, Liealg, Mod, Man, B and B'*^ be the category of real vector spaces. Lie 
algebras, modules, manifolds, fiber bundles and vector bundles respectively. 

We know that if {E, vr, M) G |B'^| so that M is paracompact and if A C M is closed, 
then for any section u over A it exists u € T (E, vr, M) so that it|^ = u. In the following, 
we consider only vector bundles with paracompact base. 

Aditionally if {E, vr, M) G |B^| , L {E, vr, M) = {u £ Man {M,E) : uott = Mm} 
and TiM) = Man(M,IR), then (L (E, vr, M) , +, •) is a J" (M)-module. If {ip,ipo) G 
B'^ {{E, TT, M) , {E', tt', M')) such that (p^ G /soMan (M, M') , then, using the operation 

J^{M) xr{E',7r',M') T{E',tt',M') 
{f,u') ^ fopo'-u' 

it results that (F {E', tt', M') , +, •) is a J" (M)-module and we obtain the Mod-morphism 

r(£;,7r,M) ^^'^''^"^ ) T{E\ti',M') 

defined by 
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for any y G M' . 

Let M,N £ |Man| , h G /soMan {M, N) and ij G /soMan (iV, M) be. 
We know (see [1,2]) that if {F,iy,N) G |B"^| so that there exists 

ip,ri) eB- {{F,u,N) ,{TM,TM,M)) 

and also an operation 

r {F, u,N) xT {F, u,N) r (F, u, N) 

{u,v) ^ [u,v]p^f, 

with the following properties: 

GLAi. the equality holds good 

f ■^]F,h = f + ^{Tho p,hor]) (u) / • 

for all u,veT {F, u, N) and / G ^(AT) . 

the 4-tuple (f {F, v, N) , +, •, [, is a Lie T (iV)-algebra, 
GLAs. the Mod-morphism F (T/i o p, /i o 77) is a LieAlg-morphism of 

(r(F,z.,iv),+,.,[,]^_^) 

source and 

(r {TN,TN,N),+,;[, 

\TN) 

target, then the triple ^(F, u, N) , [, ]p , (p, 77)^ is called generalized Lie algebroid. 

In particular, \i h = IdM = f]-, then we obtain the definition of the Lie algebroid. 

be ageneralized Lie algebroid. 

• Locally, for any a,/3 G we set \ta-,t^\pj^ = L^^^t^. We easily obtain that 

The real local functions -Z^^^, Oi-,P,l € IjJ* will be called the structure functions of 
the generalized Lie algebroid {{F, v, N) , [, ] j^/j , (p, rf)^ . 



We assume the following diagrams: 



F — ^ TM — TAT 

iV — ^ M — ^ 



(X^2") {x\z^) 



where z, z G 1, m and a G 
If 
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and 
then 



and 



• We assume that /i) ^* (T/i o p,hor]). If z^ta € T (F, i/, A'") is arbitrary, then 

T{Thop,ho n) {z'^ta) f{hon (x)) = 
^^■^^ = (^a^"^) ° ^ (^)) = ((/^i ° ^) ° ^) ^) (^)) ' 

for any / G (N) and x e N. 

The coefficients respectively 0^ change to respectively 0^- according to the 
rule: 

(2.2) pi. = AV — 



respectively 

(2.3) e=A"^^:^^^ 



where 



I A" 1 1 



A" 



-1 



Remark 2.1 The following equalities hold good: 

''>'>^ = (*«l?)°''-^-f^-^w- 

and 

3 Legendre transformation 

Let {E,7r,M) be a vector bundle. We take (x*,y") as canonical local coordinates on 
{E, IT, M) , where i G 1, m and a G 1, r. Consider 

(^i,ya) ^ (x^'(x%/(x\y«)) 
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a change of coordinates on {E,Tr,M). Then the coordinates change to according 
to the rule: 

(3.1) y'^=M^y''. 

Let de^j be the natural base of the Lie (i?)-algebra (F {TE, te, E) , +, •, [, . 
Let TT, Mj be the dual vector bundle of (£", TT, M). We take (x*,Pa) as canonical 



local coordinates on ( E,7t,M j , where i G l,m and a € l,r. Consider 



a change of coordinates on ^E, tt, M j . Then the coordinates Pa change to Pa- according 
to the rule: 

(3.2) Pa = M>,. 

If ([/, su) and (^U, su^ are vector local (m + r)-charts then 

(a;) • M^"'(x) = (5^, Vx G ?7. 



Let ydi, d j he the natural base of the Lie \ ^ j "^^S^^ra ^L ^E, t*^, E j ,+,-,[, ]^*^ 

Let L be a Lagrangian on the total space of the vector bundle (E, vr, M) . (see [4]) If 
{U,su) is a vector local (m + r)-chart for {E,ir,M), then we obtain the following real 
functions defined on vr^^ {U): 



^ QJ^ ^ put q2^ 



dx^ 10 dx'^dy 
put q2^ 
Qya ^ab dy'^dy'' 

We build the fiber bundle morphism 



E E 



where cpj^ is locally defined 



(3.4) ^"'(t^) ^"'(t^) 

for any vector local (m + r)-chart (?/, su) of (£^, tt, M) and for any vector local (m + r)- 
chart (^C/, su^ of tt, . 



We obtain the Hamiltonian H, locally defined by 

{U) — ^ M 

Ux = PaS" I > Pay" - L {Ux) 



(3.5) ^ ^ 
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for any vector local (m + r)-cliart (^U,su^ of ^S, 7t,M^ , where (y", a G l,r) are the 
components of the solutions of the differentiable equations 

Pb = Lb (u^) , £ vr"^ (U) . 

The Hamiltonian given by (3.5) will be called the Legendre transformation of the 
Lagrangian L. 

If (U, lu) 

is a vector local (m + r)-chart for vr, , then we obtain the following 
real functions defined on tt {U): 

dH Tjh _ a^H 



Hi = ^ W 



dpa dpadpb 
Using this Hamiltonian, we build the fiber bundle morphism 

E — E 



TT 4 4 

where ip^ is locally defined 



M — ^ M 



(SAY 



for any vector local (m + r)-chart (U, su) of {E, vr, M) and for any vector local (m + r) 
chart (u, su) of (^E, . 

We obtain that the Lagrangian L, is locally defined by 



(3.5)' 



Ux = y"'Sa I — y y"-pa - H {u:^ 



for any vector local (m + r)-chart {U^sjj) of (i?, 7r,M), where {pa, a G l,r) are the 
components of the solutions of the differentiable equations 



We will say that L is the Legendre transformation of the Hamiltonian H. 

Remark 3.1 For any vector local (m + r)-chart {U,su) of (£', tt, M) and for any 

vector local (m + r)-chart (U,*su) of (^E,n,M] we obtain: 

(3.6) (pu o ip^ = Id^-i(^u) 
and 

(3.7) Vr.o<PH = Id^-,^^^. 
Therefore, locally, </?^ is diffeomorphism and ipj^^ = fff. 
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4 Duality between Lie algebroids structures 

Using the diagram: 



(4.1) 



E 
M 



4 V 



N 



where ^(F, ^) AAphi iP' ^)) ^ generaUzed Lie algebroid, we build the Lie algebroid 
generalized tangent bundle (see [1,4]) 

(4.2) (^{{p,v)TE,{p,r^)TE,E),l]^^^^^Tj,,{p,IdE)) • 

The natural (p, r7)-base of sections is denoted 



(4.3) 



da, da ■ 



The Lie bracket [, ] ^)t_e defined by 



(4.4) 



ZfTa^Z^Tp 



■K*{h*F) 



{P,V)TE 
{pioho7r)Zfdi + Y^^da, 



TE 



for any sections yZ'^da + Y^daj and yZ^dp + Y^db 

The anchor map {p,IdE) is a B'^^-morphism of {{p,r])TE,{p,r])TE,E) source and 
(TE,te,E) target, where 



(4.5) 



{p,v)TE ^ TE 
Z^da + Y'^da) (n^)^(z"(p^oW) di+Y^da) (u^) 



Using the diagram: 
(4.1)' 



E 

M 



F, 

4- 1' 

N 



where (j^F, v, N) ,[,]pf^, (p, rj)j is a generalized Lie algebroid, we build the Lie algebroid 
generalized tangent bundle (see [1,5]) 



(4.2)' 



{p,r,)TE,{p,r,)r,^,Ej,[,]^^^^^^^,^p,Id^ 
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The natural (p, ?7)-base of sections is denoted 



(4.3)' 



The Lie bracket [,1 * is defined by 



(4.4)' 



■^1 J-ai ^2 



TT {h*F) 



{p,v)TE 

(^pioho;r)zfdi+Y^d-, 



o ho -K^ 



J TE 



for any sections 9„ + Y^d and Z^dp + Y^d 



The anchor map ( p, Id*^ j is a B"*'-morphism of y {p, q) TE, (p, r])T*^,E ) source and 
TE,T*^,E ) target, where 



(4.5)' 



ip,ri)TE A TE 

Z4a + Yad J (4)^ (^piohonfi+YadA {u^} 



Using the B-morphism ((^^, Mm), we build the B^-morphism ((p, 77) Tcp^, cp^) given 
by the diagram 



(p,,)TE -^^^ (p,,)Ti; 



(4.6) 



such that 



{P, V) TE i 

E 



E 



(4.7) 



* . b 

r ((p, r?) T<pi, y^i) = (Z" o (p^) 5a + [{piohoTr) Z'^L^^] o ^jjB , 



r Hp, n) t^^, ^l) = (Y'^Lab) o <p^a , 



for any Z'^da + Y^-da G T ((p, 77) TE, (p, 77) r^, £^) , where H is the Legendre transforma- 
tion of the Lagrangian L. 

The B"^-morphism {{p,r])Tipj^,(f^) will be called the {p,r]) -tangent application of 
the Legendre bundle morphism associated to the Lagrangian L. 
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Using the B-morphism {(fij,IdM), we build the B"*'-morphism {{p,'r])Tipfj,(pff) 
given by the diagram 



(4.6)' 



such that 



ip,,)Tk -^^^^ ip,,)TE 



E* 



i {P, V) TE 



E, 



(4.7)' 



r Hp, r^) T^L, yp^) (^z4o^ = {Z- o cp^) 4 + [[p'^oho;:^ Z^H^] o ^^d^, 

r Hp, n) T^p^, ^pl) [Yad ] = {YaH-") o ^^Bt,, 



for any + Yad G T ^{p, r/) TE, {p, rj) r^, E 

The B'^-morphism {{p,ri)T(pfj,(p^) will be called the {p,r]) -tangent application of 
the Legendre bundle morphism associated to the Hamiltonian H. 

Theorem 4.1 If the -morphism {{p-ir])T(pj^,ipi) is morphism of Lie algebroids, 
then we obtain: 



(4.8) 



(^1/3 ohoTT^ oifjj = Lip ohon. 



(4.9) 



-p^l^oho^--£j[(^piohoTr-Lu,)oipH] 
-[fr'pOhoTr-Lja)o<PH--^[{Pa°hoTvLib)o(pu], 



(4.10) 

and 
(4.11) 



= pi^ohow ■ {Lf,a o (Ph) 

-Lbc °Vh-^ [{Pa°hoTr ■ Lia) o (Ph] 



= LacOipH ■ {Lm o (Ph) 
-Lbc °<Ph--^ (Lad o ^h) ■ 



Proof. Developing the following equalities 

^{{p,ri)T^L,V>L) da,dp 

L J {p,-ri)TE 

r Hp, v) T'Pl, 'Pl) 9a, r ((p, rj) Tip^, ip^) do 



{P,V)TE 



r((p, v) T'Pl^'Pl) 



da,db 



J (p,v)TE 

r Hp, rj) TpL, vl) da, r ((p, ??) Tip^, ^l) h 



{p,r,)TE 
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and 



r((p,r?)T(^i,(^i) 



(P,V)TE 

r Hp, ri) TifL, (Pl) da, r {{p, r]) Tipi^,ipL) db 



{P,V)TE 



it results the conclusion of the theorem. q.e.d. 
Corollary 4.1 In particular case of Lie algebroids, {r],h) = {IdM,IdM), we obtain: 



(4.8)' 



(4.9)' 



[{^l0p^)°'^-^kb]°fH 



f (p^07r-L,a)ov?^-g^[(p^07r-Lji,)o(p„] 

- (p^ OTT -Lja ) OV?^ ■ g|- [ (p^ OTT ■ Lit ) 0<^ jj] 



(4.10)' 



and 



(4.11)' 



= LacOifH ■ {Lm o (Ph) 
-Lbc °<Ph--^ {Lad o ^h) ■ 

In the classical case, {p,r],h) = {Mtm, IdM, IdM), we obtain: 



(4.9)" 



n _ d ( d^L \ _ d ( d^L 

a ( a^L 



dx^ay^ 



a-'L 



a^L 



(4.10) " 

and 

(4.11) " 



a 



a'^L 



dx^ y ay 3 ay" '^^Hj + dx^dyi^ ° ' dph [dy^'dy'' ° 

a'^L 



a'^L 



a 



ax^ ay"- 



a ( a'^L \ 
"^H-a^ \ax^°'fH) 



a^L 



- g^T^ oipfj ■ iayidyk ° 



a^L 



a 



a'^L 



'h ydy'ay'' 



Theorem 4.2 Dual, if the W -morphism {{p,r))T(pfj,ipff) is morphism of Lie al- 
gebroids, then we obtain: 



(4.12) 



11 



(4.13) 



(4.14) 



and 



(4.15) 



=H--o^L-^{H^<^o^^) 



Proof. Developing the following equalities 



■* * 



{P,V)TE 



ip,v)TE 



Tiip,n)TipH,v>H) 



* .6' 



r ((p, r]) TifH, (Ph) da, r Hp, v) T(Ph, Vh) 9 



{P,V)TE 



and 



Tiip,n)TipH,v>H) 



' . a .b' 

B ,B 



MTE 



.b- 



= r ((p, ri) TifH, ipH)d ,r Hp, rj) TifH, ^h) d 
it results the conclusion of the theorem. 



iP,ri)TE 



q.e.d. 



Corollary 4.2 In the particular case of Lie algebroids, {rj,h) = {IdM,IdM), we 
obtain: 



(4.12)' 



{^Ip °^)°VL = Lip O TT, 



(4.13)' 
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=pl^on-JL{H''-o^^) 



(4.14)' + • H''^) ° VLir^ (^'" ° 



and 



7n the classical case, {p,r],h) = {IdxMi IdM, IdM), we obtain: 



and 
(4.15)" 



Definition 4.1 If {{p,r])Tipi,ipi) and {{p,r])TLpjj,Lpjj) are Lie algebroids mor- 
phisms, then we will say that {E, tt, M) and i E,Tr,M ] are Legendre (p, 77, h) -equivalent 



and we will write 

c 



5 Duality between adapted (p, 77)-basis 

If (p, 77) r is a {p, 77)-connection for the vector bundle {E, tt, M) , then 

(5.1) (da - {p,v)Kda,da^ = (^a,^^^ . 

is the adapted (p, ?7)-base of (F ((p, r/) TE, (p, r/) r^, £') ,+,•). (see [1, 4]) 
If (p, 77) r is a (p, ?7)-connection for the vector bundle ( vr, M ) , then 



(* .b.a\ /* . a\ 

a„ + (p,r?)r5„9 ,d J = J . 

is the adapted (p, 77)-base of (t ^(p, 77) TE, (p, 7/) Tj^, i?^ , + , • (see [1,5]) 
Definition 5.1 If 

{E,7r,M)^;;;j^^(E,n,M^ . 
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and 



r ((p, V) T(fL, (Pl) (Sa^ = 5a, 
r ((p, V) T(PH, ^h) ( ) = 5a, 



then we will say that {E, tt, M) and yE, tt, MJ are horizontal Legendre {p, rj, h) -equivalent 
and we will write 

Theorem 5.1 // 

(S,7r,M) (^,^,^) ( S,7r,Ml , 

i/ien we obtain: 

(5.2) (p, ??) Tfec, = [{piohoTr) ■ Lib - {p, v) K ■ Lab] o 

and 



(5.3) 



- (p, v)K=[ [piohon) ■ Hf + (p, r?) ■ H^- 



Corollary 5.1 In the particular case of Lie algebroids, {rj,h) = {IdM,IdM), we 
obtain 



(5.2) ' 
and 

(5.3) ' 



P^ba = [{Pa°'^) ■ Lib - P^a ' Lab] ° 



-prs= [[(fyT^)-Hf + pVba-H^ 



In the classical case, {p,r],h) = {IdTM^IdM^Idu), we obtain the equality implies 
the equality 



(5.2) " 

and 

(5.3) " 



-r 



92 L 



-ri 



"PL- 



If the Lagrangian L is regular, then we will define the real local functions L"^ such 



that 



If the Hamiltonian H is regular, then we will define the real local functions Hab such 



that 



Hah { Ux 



, V-Uj; G TT ([/) . 



Remark 5. 1 If the Lagrangian L is regular and 



HC 



{E,7r,M) ^^^,,^^,^^E,^^,M 
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then, the Hamiltonian H is regular, 

(5.4) Hah = Lab O Vh- 

and 

(5.5) [{piohoTT) ■ Lia] oipH = - [pioho^^ . H\ ■ Hba. 
It is known that the following equalities hold good 



(5.6) 

and 

(5.6)' 



{p,n)TE 



Ll^oho tt) + {p, r), h) R" ^^da, 



(.P,V)TE 



* ■ b 

°hon^6j + (p, rj, h) Rb a^d , 



Theorem 5.2 // 

(£;,7r,M)[^,^7) [E,n,Mj , 

then, we obtain: 

(5.7) {p, r], h) M-b afS = (p, V, h) • Lab o ip^ 
and 

(5.8) {p, V, h) M» = [(p, r?, h) Rb a/3 ■ H^"] o ^l- 

Corollary 5.2 In the particular case of Lie algebroids, {rj,h) = {IdM,IdM), we 
obtain 



(5.7) ' 
and 

(5.8) ' pR- ^^={pRbapHb'')o^L. 

In the classical case, {p,r],h) = {IdTM,IdM^IdM), we obtain 

(5.7) " Rjhk={^' - ^'"^ 
and 

(5.8) " 
Theorem 5.3 // 

HC 



hk - I M • jo^H 



hk - I % hk ■ ) o ^Pl 



{E,Tr,M) (^,^,^) LB,7r,M , 
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then we obtain 



(5.9) 



and 



(5.10) 



dy" 



Proof. Developing the following equalities 



^{{P,V)T(Pl,'Pl) I ~^a,da 

' (.P,ri)TE 

r ((p, ?7) T'^'L, 'Pl) ~^a, r ((p, ?7) TifL, 'Pl) da 



{p,r,)TE 



and 



* -a 



^{{p,v)Tp>h,P>h) _ 

' {P,V)TE 

r Hp, v) TipH, p>h) ^a, r ((p, ??) r^j^^, (^j:^) Ba 



it results the conclusion of the theorem. q.e.d. 

Corollary 5.2 In the particular case of Lie algebroids, {ri,h) = {Mm, Idu), we 
obtain 



(5.9)' 



and 



(5.10)' 



dpa 



{ dpVta _ J^bc 



76a 



dpTl 



"Pl • 



In the classical case, {p,ri,h) = {IdTM,IdM,IdM), we obtain 



9£i . d^L 

dy^ dy^dy'^ 



(5.9)" 
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and 



(5-10)" +af^(^°v^. 



The dual natural {p, r7)-base of the natural {p, 77)-base yda, da J is denoted (dz", dy") 
and the dual adapted (p, 77)-base of the adapted (p, r7)-base ^a,da^ is denoted 

(5.11) {dz'',dy^) ^= {dz'', (p,7]) r« • dz" + dy") . 

(* ■ a\ 
da,d is denoted (dz", dpa) 

and the dual adapted (p, r7)-base of the adapted (p, r7)-base ^a,da^ is denoted 

(5-11)' {dz^, Spa) {dz^, - (p, V) Taa " dz^ + dpa) • 

Let 

{A{{p,V)TE, {p,ri)TE,E),+,;A) 

be exterior differential T (£^)-algebra of the generalized tangent bundle ((p, rj) TE, (p, rj) te, E) 
and let 

\ (^p, r?) TE, (p, r?) Ty E^ , +, . 

be exterior differential lE j -algebra of the generalized tangent bundle ( (p, r/) TE, (p, rj) t*^, E 
Using the B^-morphism (4.6) given by the equalities (4.7), we obtain the application 

A((p,7?)r^,(p,7?)r^,^) ' A{ip,r^)TE,ip,r^)TE,E) 

Ai(ip,rj)TE,{p,ri)TyE^ 3u ^ ((p, r?) Tfp^, ^i)* (a;) 

where 

{{p, v) T(Pl, (PlT (^) (^1: Xq) = w (r ((p, ?7) T(Pl, r ((p, ??) r</?i,, <^i) Xq)o(^^, 

for any Xi, X, G r ((p, r?) T^, (p, r?) rs, ^) . 

Using the B^-morphism (4.6) given by the equalities (4.7) , we obtain the applica- 
tion 

k{{p,r^)TE,{p,r^)TE,E) > A ({p,r,)TE, {p,rj) r ^ E 

Ai ((p, Tj) TE, (p, Tj) TE, E)3uj ^ ((p, r/) Ttp^, (p^)* (a;) 

where 

((P, »7) ^V'//, '^h)* (^) {Xi, Xq) = cj (r ((p, r?) T^jj:^, 99 j^) Xi, r ((p, 77) Tyjj:^, 99 j^) Xq)oipjj, 
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for any Xi, XgET (^{p, rf) TE, {p, rj) r^, E?j . 
Theorem 5.4 The equality 

* 

is equivalent with the equality: 

(5.12) ((p, 77) T<pL, VlT (SPa) = Lab ■ 6y\ 

Dual, the equality 

r ((p, rj) T(pH, <Ph) {^c}j = 
is equivalent with the equality: 

(5.12)' r ((p, r?) T^H, fH)* {Sr) = H'^' ■ 5h 

6 Duality between distinguished linear Tyj-connections 

Let (p, 77) r be a (p, 77)-connection for the vector bundle {E, tt, M) and let 
(6.1) {X,Tf-^{p,r^)DxT 

be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

{{p,r^)TE,{p,i^)TE,E) 

which preserves the horizontal and vertical IDS by parallelism. 

If {U, su) is a vector local (m + r)-chart for {E, tt, M) , then the real local functions 

((p, r?) H%, (p, ,?) H^, (p, n) V^,, (p, 77) V,l) 

defined on tt"^ {U) and determined by the following equalities: 

^^2^ {p,v)D-,lp = {p,^)H"^;5^, ip,r^)D-,^db = ip,r^)H^da 

ip, ri) D, ~Sp = (p, r?) VfSa, (p, v)D jb = {p, r}) V,%da 

are the components of a distinguished linear (p, ?7)-connection ((p, 77) H, (p, 77) y) . 
Let (p, ?7)r be a (p, ?7)-connection for the vector bundle i E,7t,m\ and let 



(6-1)' (X,r)^(p,7;)i)xT 

be a covariant (p, 7/)-derivative for the tensor algebra of generalized tangent bundle 

(p, 77) tI;, {p,v)r*^,E 
which preserves the horizontal and vertical IDS by parallelism. 
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If ^^7, su^ is a vector local (m + r)-cliart for (E,^,Mj , then the real local functions 



* a * a * ac * ac 

(P> 'V) {p, V) Hf^, {p, rf) Vp , {p, rj) 
defined on tt ([/) and determined by the following equalities: 

* ; * " i * * " 1^ 

(p, r?) Ifj = {p, f]) Hi3^~Sa, {p, r])D, d = {p, rj) H^d 
(6.2)' ^-y . 

(p,?7)L»,c5^ = {p,r])D._cd ={p,r])V^d 

d a 

are the components of a distinguished linear (p, r7)-connection 
Theorem 6.1 // 

and 

r ((p, n) T^L, vl) Hp, v) DxY) = (p, r?) i)r((p,r,)T^^,^jxr ((p, r?) r(^^, (^^) y, 

for any X,Y eV {{p, rj) TE, (p, rj)TE,E), then we obtain: 
(6-3) (p,ry)i?|^o^^ ={p,n)Hp^, 

(6.4) +(p,r/)r6^.^(Lb,o(^^) 

(6-5) {p,v)V^a°'PH ={p,v)vj -{LcdO^H) 

and 

^) He ■ ^ad) O V'if = {Lee otpn)-^ (Lbd o V'i?) 
(6.6) * e/ 

- (Lee o V'if) • (p, v) Vd ■ (Lbf ° fn) ■ 

Corollary 6.1 In the particular case of Lie algehroids, {rj,h) = {IdM,IdM), we 
obtain 

(6-3)' pH^^o^H =phI^, 

[pH^ ■ Lac) o^H = {P^°^) • ^ (Lbc o V>h) 

(6.4)' +pThy ■ {Lbc o iPn) 

-pHlyy ■ {Lac ° , 
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and 

(6.6)' *e/ 

- (Lee O V'i?) • P^^d • (-^6/ ° V'i/) • 

In the classical case, {p,r],h) = (IdTM,IdM,IdM), we obtain 



(6.4)" +^jk-i:{9fi^°VH 



; ih 



(6-^)" y^kO^H =pv, -(^o^,) 

and 

(6.0) , . *e/ 



'^h) ■ pVh ■ ° 9?// 



Theorem 6.2 DuaZ, 

(£;,7r,M)^;;;;;;;(E,^,M 



and 

r ((p, vi) TifiH, (Ph) (^{p, 7]) bxY^ = {p, rj) £'r((p,r,)T<^jj,<^„)xr {{p, rj) Tipjj, ip^) Y, 
(p, rj) TE^ (p, 77) r^^, j ^ ^/len ^i;e obtain 

(p, r?) • i/""^) o = (p^o/iott) ■ (i7- o 

+ (p,r?)r^.^(//-o(^^; 

-(p,r?)iJ,«^-(i7^-o^^), 



^^■^^ +(p,r?)r^.^(//-oc^^) 



(6.9) (p, ry) = (p, ,7) yj^^ . {H'^'i o ^j) 
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and 

■ be 

(6.10) 



-{H<^^o<pL).{p,rj)V^^f{H''foipL). 



Corollary 6.1 In the particular case of Lie algebroids, {r),h) = {IdM,IdM), we 
obtain 



* ac 



(6.9)' pVp o^^ =pV^^-{H'^o^^) 

and 



(6.10)' 



In the classical case, {p,r],h) = (IdxM , IdM , Idu) , we obtain 



and 



(6.10)' 



o 
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7 Duality between mechanical (p, 77)-systems 

Let {{E, TT, M) , Fe, (p, ?7)r) be a mechanical (p, r/)-system. 

It g E Man {E, E) such that (5, /i) is a -morphism locally invertible of {E, tt, M) 
source and {E, tt, M) target, on components g^, then the Mod-endomorphism 

^^^^ r((p,r?)TE,(p,r/)ri,,i?) ^ T ((p, r?) Ti?, (p, r?) r^j, £:) 

is the almost tangent structure associated to the B^-morphism {g,h). 
The vertical section 

(7-2) C=y«a„ 

is the Liouville section. 

Let i i E,Tc, M ] , Fe, (p, r7)r I be a dual mechanical (p, r/)-system. 



If 5 G M.an yE,Ej be such that {g,h) is a B"^-morphism locally invertible of 
source and {E, tt, M) target, on components 5"^, then the Mod-endomorphism 



(7.1)' 



r[{p,r])TE,{p,r])T^,E^ ^ T ({p,r])TE, {p,r]) r ^, E 

* . b .6 

Z'^da + Ybd ^ ohon') Z'^d 



is the almost tangent structure associated to the B^-morphism {g,h). 
The vertical section 

(7.2)' 



is the Liouville section. 
Let 



(7-3) 5 = (5,« o /i o vr) 4 - 2 (G« - ^F") 5„ 

be the (p, 77)-semispray associated to mechanical (p, r7)-system {{E,Tr, M) , Eg, {p,r])r) 
and from locally invertible B"^-morphism (5, h) and let 

(7-3)' 5 = [^g-' oho;c)da-2{Ga- iFa) d 

be the (p, r/)-semispray associated to the mechanical (p, r7)-system ^ ^E, tt, , i^e; (Pj ^7) T 

and from locally invertible B'^-morphism [g, h) . 

* 

Theorem 7.1 If T {{p,r])Tipj;^,ipj^) {S) = S, then we obtain: 
(7.4) y''{g^ohoTr)o^H = (^g-b ^ h o 
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and 



^ ■ ' -y'^{[{g-pl)oho7r]Li,}o^jj. 

Corollary 7.1 In the particular case of Lie algebroids, {r),h) = {IdM^IdM), we 
obtain 



(7.4)' 



2(G6-iFb) =2[{G^-\F'')Lab]o^H 



In the classical case, {p,r],h) = {IdTM,IdM,IdM), we obtain the equality implies 
the equality 



Theorem 7.2 Dual, if T ({p,rj)T(fff,(fff) j — '^^ then we obtain: 

(7.6) pbi^g^'^ohon^ o^^ =yHgtohoTT) 

and 

2{G--\F-) =2[{G,-\F,)H-^]o^^ 

Corollary 7.2 In the particular case of Lie algebroids, {r],h) = {IdM^Idu), we 
obtain 

2(G«-iF«) =2[{G,-\F,)H'^']o^^ 

8 Duality between Lagrange and Hamilton mechanical (p, 77)- 
systems 

Let {{E,TT,M) ,Fe,L) be an arbitrarily Lagrange mechanical (p, ?7)-system. 

Let d'^P'^^'^^ be the exterior differentiation operator associated to the exterior differ- 
ential F (£^)-algebra 

{A{{p,v)TE, {p,r,)TE,E),+,;A) 

and let {g,h) be a locally invertible B'*^-morphism of {E,Tr,M) source and {E,Tr,M) 
target. 

Let (^(^F, TT, , Fe, be an Hamilton mechanical (p, r7)-system, where the reg- 
ular Hamiltonian H is the Legendre transformation of the regular Lagrangian L. 

Let d'^P'^^'^^ be the exterior differentiation operator associated to the exterior differ- 
ential F ^-E^ -algebra 

A Up,ri)TE, {p,ri)T^,Ej ,+,-,A 
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and let {g, h) be a locally invertible B"^-morpliism of yE, tt, mJ source and {E, tt, M) 

target. 

The 1-form 

(8.1) 9L = ira°hoTr.Le)dz^ 

is called the 1-form of Poincare-Cartan type associated to the Lagrangian L and to the 
locally invertible G^-morphism {g,h). We obtain easily: 



0. 



(8.2) Ol (da) = {gl ohoTT) Le, Ol (db^ 

The 1-form 

(8.1) ' 9H={gaeOho^)H^dz'' 

will be called the 1-form of Poincare-Cartan type associated to the regular Hamiltonian 
H and from locally invertible 'B^ -morphism {g,h). We obtain easily: 

(8.2) ' Oh (db^ = {gbe oho^) H^, Oh (^d^ = 0. 

Theorem 8.1 If ((p, r]) Tcp^, <PlT (^l) = Oh, then 

(8.3) (jjae o h o n) H"" o ifj^ = (g^ o h o it) Le 
Dual, if ((p, r]) Tcpjj, ipff)* (Oh) = Ol, then 

(8.3) ' {9b°ho tt) LeOifjj = {g^e oho^) H". 
The 2-form 

(8.4) OJL = d^P'^'^'^^eL 

is called the 2-form of Poincare-Cartan type associated to the Lagrangian L and to the 
locally invertible B^-morphism {g,h). By the definition of d^^''^^'^^, we obtain: 

ul{u,v) =v{~p,idE){u){eL{v)) 

^^'^^ - r (P, IdE) {V) {9l m - 9l {[U, ,,)^^) , 

for any U,Ver {{p, r?) TE, {p, r?) te, E). 
The 2-form 

(8.4)' UH = d^P^'^^'^'^en 

will be called the 2-form of Poincare-Cartan type associated to the Hamiltonian H and 
to the locally invertible -morphism {g,h). By the definition of d^P'^'^'^^, we obtain: 
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(8.5)' 



u;h{U,V) =T(p,Id.]{U){eH{V)) 



E 



for any [/, y G r {p, rj) TE, ip,rj)T*,E 



E 



(8.6) 



Theorem 8.2 // {{p,ri)Tip]^,(p]^)* {ojl) = ouh, then 

( i , *\ d{{9h^°hoi)HA ( i ■, *\ d((gaeoho^)H'=) 

{^ah °hon^ (^gce o h o o<Pl- (^(^pi ° h o Lja o ^h) 

(( i U *\t \ 9((3aeOho^)ff 



•"PL 
dpd 



'"PL 

= {plohon) -(p'.ohon) - (LI, oho.){gloho 



and 
(8.7) 



Lbc ° fH 



ofL- a^b 



Corollary 8.1 In the particular case of Lie algebroids, {rj,h) = {IdM^Idn), we 
obtain 



{pI ° ^) 



^((9i,e07^)H'= 



{Pb ° ^) 



8x3 



(8.6)' 



°Pl 



° Pl 



PL 



[Pa ° V Oxi - [Pb°'^) -^^^^^^ 



'PL 



(Lab ° ^) (5c ° T^) Le 



and 
(8.7)' 



Lbc O P>H dpj 



°Pl- • 



Theorem 8.3 // {{p,r))Tipjj,ipff)* (ojh) = ojl, then 



( i u \ d{{gloho-n)Le) \f J , \ d((KohoTr)Le) 



Ph 



(8.8) 



[{Kb °ho'K){gloho'K) Le] o ifjj 



piohoTT^Hfo 



^ \ a((ggofeo7r)Le) 



d{{gaOhoTT)Le) 



°Ph 



{{ploho^)Hfo^,)^iii^ 

di^igb.ohoi^H") 
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and 
(8.9) 



Corollary 8.2 In the particular case of Lie algebroids, {rj,h) = {IdM^IdM), we 
obtain 



(8.8)' 



and 



(8.9)' 



(pj^ o tt) ^((IHM 



a((gg,07r)Le) 



[{Kb ° ^) idc O Tt) Le] O 



{pi ° ^) 



8((ggo7r)Le) 



((p>7r)lffo^^)^«^^ 



TT 



jjbc 



''PL Qy 



'<Ph 



?((saeO^)H<=) 



dPb 
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